To elucidate the unsteady characteristics of a nonlinear pressure loss generated in a restricted flow, pressure drops across and flow rates through an orifice were precisely measured in sinusoidally oscillating oil flows. It has turned out that the unsteady relationship between the nonlinear pressure loss and the flow rate describes a closed loop turning around along the characteristic curve of the steady-state one in the counter-clockwise direction, which indicates that the change of the nonlinear pressure loss is delayed behind that of the flow rate in an unsteady orifice flow. The phenomenon occurs probably because the structure of turbulence in an orifice jet flow, where a nonlinear pressure loss is generated by energy dissipation, has inertia against a change of the flow rate and cannot follow it without a time lag. A mathematical model incorporating a constant time lag into the steady-state nonlinear pressure loss was proposed to simulate the unsteady characteristics of the nonlinear pressure loss, successfully explaining the long-term question in acoustics why the reactive part of an acoustic orifice impedance decreases as the amplitude increases.
Introduction
Restrictors that produce pressure losses varying nonlinearly with the flow rate are one of the essential components constituting hydraulic control valves. To simulate the performances of those valves numerically, the following empirical equation well-known in hydraulics has been conventionally used to express the characteristics of those restrictors, regardless of whether they are variable or not, or whether the flow is steady or unsteady (1) ;
The discharge coefficient f C which characterizes this relationship is known to be a function of the Reynolds number and accordingly depends on the flow rate, especially to a large extent for highly viscous liquids such as oil. In consequence Eq.
(1) has a defect that it cannot give an explicit relationship between the pressure loss and the flow rate.
In pursuing a mathematical model of a variable restrictor free from the defect, the present authors previously found out that the product of the pressure drop and the square of the opening area is uniquely related to the flow rate by the following quadratic equation (2) (α , β ; constants independent of q, p
The point yet to be made clear about the modeling of restrictors is whether the models for their steady-state characteristics such as Eqs. (1) and (2) can be used to express their dynamic ones in an unsteady flow or not. In the field of acoustics, this issue has attracted attention from the old days as the nonlinear behavior of an orifice impedance, and it has been experimentally known there that as the amplitude of an acoustic wave increases, the resistive part of the impedance increases, whereas the reactive one decreases (4) (5) .
However, any physical explanation, not to speak of a mathematical model, has not yet been provided for that experimental fact, that is, a peculiar behavior of an orifice impedance.
On the other hand, the present authors have previously found out in a pulsating oil flow through an orifice that the unsteady relationship between the nonlinear pressure loss across and the flow rate through the orifice is represented by a loop with a counter-clockwise hysteresis. They attributed the reason why it happened to a delay that the turbulent structure of an orifice jet flow intrinsically has against a change of the flow rate, and named the nature "eddy inertia" (6) . Regrettably though, their assertion has not yet been generally approved.
Intending to change this unfavorable situation, the present paper offers some experimental and theoretical discussions on the validity of eddy inertia. First, in order to demonstrate the peculiar behavior of an unsteady nonlinear pressure loss produced in a restriction flow, pressure drops across an orifice are measured in oscillating oil flows whose flow rates are controlled to change in a complete sine wave. Next, the idea of eddy inertia which was previously proposed to explain the behavior is re-examined according to the experimental results. Third, a new mathematical model which is supposed to express properly the unsteady nonlinear pressure loss is constructed on the basis of the eddy inertia. With the use of the model, it is also attempted to answer the long-term question in acoustics about the nonlinear behavior of the orifice impedance. 
Nomenclature

Experimental method 2.1 Apparatus
A pipe with a circular orifice and four pressure taps shown in Fig.1 is used for the measurement. The pipe has a 16mm inner diameter, while the orifice is 2mm in diameter and 2mm in thickness. The pressure taps have small holes of 2mm ID and 2mm in length bored on the inside wall of the pipe and larger ones connecting to them for semi-conductor type pressure transducers (3MPa rating, natural frequency > 40kHz) to be mounted. The two taps just before and after the orifice are employed for the measurement of a pressure drop across the orifice, while the other two arranged 200mm apart along the pipe upstream of the orifice provide differential pressure data, from which a fluctuating flow rate through the orifice can be found by the kinetic differential pressure method (6) (7) . Those unsteady differential pressures required in the present experiment can be obtained by electrical subtraction between the outputs of the two transducers using a differential amplifier (6) .
The test pipe is incorporated in an oil hydraulic circuit downstream of the sinusoidal flow generator (6) and is connected to the tank via an in-line accumulator and an orifice flow meter, which is illustrated in Fig.2 . The sinusoidal flow generator holds in its cylindrical bore a spool with sinusoidally cut notches on its surface. A rotation of the spool makes the opening area of an aperture on the cylinder wall vary sinusoidally, which causes the flow through the aperture to pulsate smoothly at any designated frequency up to 1kHz. To The average flow rate is measured with the orifice flow meter placed downstream of the in-line accumulator where pulsation is fully absorbed. VG46 machine oil is used in the test circuit, and its temperature is measured with a thermistor mounted upstream of the test pipe.
Shaping of waveforms
If one physical quantity A is nonlinearly related with the other B, a special caution is required when the unsteady relationship between the two is examined by giving them periodical fluctuations. For example, when the fundamental harmonics of A and B extracted from their original waveforms are compared, higher harmonics in A inevitably affect the amplitude and phase of the fundamental of B due to the nonlinearity. If so, the relationship of the fundamentals between A and B varies depending on the higher harmonics, which makes a precise discussion on the relationship difficult.
To avoid such situation in the present study, the waveform of a flow rate is expected to have a complete sine shape without higher harmonics. Since the sinusoidal flow generator makes use of the variation of an opening area for restriction, however, the generated waveforms of pulsation cannot help involving higher harmonics, especially the 2nd one. So a π-shaped branch filter (8) has been introduced to remove the 2nd harmonic from the original flow rate waveform and to supply a sinusoidal one to the test orifice. A π-shaped filter, which was previously developed by one of the present authors, is constituted by two dead end pipes having a length of one-fourth wavelength of a harmonic to be removed and being branched from the main line at two points the same one-fourth wavelength apart, and has proved to restrain the target harmonic almost 100% (8) . To remove the 2nd harmonic from waveforms of flow rates pulsating at some specific frequencies, the lengths of the dead end pipes as well as the distance between the branching points are selected to be equal to one-eighth of the wavelength of the fundamental harmonic, and the filter is installed upstream of the test pipe as is illustrated in Fig.3 . To demonstrate the capacity of the π-shaped filter, the waveforms of the flow rate through the orifice are compared between with and without the filter in Fig.4 . 
Steady-state characteristics of test orifice
The effectiveness of the empirical equation (2) 
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The pressure differences across and the flow rates through the orifice were measured in a steady flow with a diaphragm-type differential pressure transducer of 2MPa rating and a volumetric flow-meter, respectively, and α and β in Eq. (3) The above result shows that when Eq. (2) is applied to the test orifice for the range of flow rates from 20 to 120cm 3 /s, β takes a negative value. Although it is unrealistic from the physical point of view, it is practically usable for predicting flow rates from pressure difference data within the same range of flow rates. However when the unsteady orifice characteristics are examined in a reciprocating flow with zero average as below, the steady-state characteristics of the orifice are required for smaller flow rates. From that viewpoint the result in is called a resistance ( R ) and the imaginary one divided by ω a reactance ( X ) in the analogy to an electrical AC circuit. What is well-known as a nonlinear behavior of the acoustic impedance is that as the amplitude of the flow rate increases, the resistance increases whereas the reactance decreases, the reason of which has not yet been explained though (4) (5) .
In the present paper, the unsteady nonlinear characteristics of an oil flow through an orifice are examined mainly on the basis of the acoustic impedance, although it may not be common in hydraulics,.
Analysis of experimental data
Experimentally obtained analog data of periodic differential pressures as well as pressures are converted to digital ones, which are decomposed by the Fourier analysis into amplitudes and phase angles of each harmonic up to 3rd. Ahead of the real measurement, it has been confirmed that their periodic waveforms can be accurately reproduced by the Fourier series of the first three harmonics.
The waveform of the flow rate through the orifice are obtained by the modified kinetic differential pressure method (7) , using the results of Fourier analysis of
. Eventually the waveforms of the flow rate through and the differential pressure across the orifice are expressed in the Fourier series as follows;
According to Eq.(5), the resistance R and reactance X of the orifice impedance are given by
If an oscillating orifice flow has some DC component, the resistance R becomes much larger than the reactance X because of the nonlinear pressure loss brought about by the DC flow, which inevitably makes the phase difference (6) shows, an oscillating orifice flow with non-zero average is not appropriate for examining the nonlinear behavior of a reactance. Instead, a reciprocating flow through an orifice with zero average is employed in the present test to make an accurate discussion on the reactance.
As is mentioned above in 2.2, it is also essential for a precise discussion on the unsteady nonlinear characteristics to provide a flow rate with a complete sine waveform for the orifice. To clarify that viewpoint, the reason is analytically explained.
To make the explanation simple, the waveform of a flow rate is assumed to comprise only the fundamental and second harmonics as below; (8) The second term on the right-hand side of Eq. (8) shows the influence of the second harmonic of the flow rate on the first harmonic of the differential pressure. What Eq. (8) exemplifies is that higher harmonics included in the flow rate waveform inevitably affect the values of the resistance and reactance defined by Eq.(6). Consequently it is hard to judge whether the nonlinear behavior of the impedance results from the amplitude increase of the fundamental flow rate wave or from the change of the higher harmonics, if the flow rate includes higher harmonics with a waveform deviating from a complete sine.
Experimental results
(1) Reciprocating flow with zero average flow rate
The waveforms of the differential pressure ) (t p o ∆ and the flow rate ) (t q o were measured in a flow reciprocating through the orifice at a constant frequency with zero average flow rate. An unsteady relationship between the differential pressure and the flow rate has been obtained from those data, indicating that it draws a closed loop in the orthogonal coordinates to which o p ∆ and o q are allocated, respectively. Typical results obtained for different amplitudes of oscillation at two different frequencies are exhibited in Fig.6 , where the unsteady relationship between the differential pressure and the flow rate is shown by the solid curve while the steady-state one determined in Fig.5(b) is given by the broken line for comparison.
It is noticed from Fig.6 that the unsteady characteristics of an orifice in a reciprocating flow is represented by a loop turning clockwise around the origin in the rectangular coordinates with the differential pressure and the flow rate taken on each axis. The loop takes an elliptic shape for small amplitudes, whereas it twists along the steady-state curve with its tips pointed or even crossed as the amplitude increases. Undoubtedly these features in the loop shape show the effect of nonlinearity.
The resistances R and reactances X obtained from the experimental data for different amplitudes are plotted versus the flow rate amplitude in logarithmic scale in Fig.7 . For 
It is known from Fig.7 that even for an oscillating "oil" flow through an orifice, the effect of nonlinearity on the acoustic impedance comes out in the same way as has been confirmed in harmonic orifice flows of air and water (4)(5) . That is, the resistance increases while the reactance decreases, when the amplitude is increased.
(2) Pulsating flow with average flow rate Similar measurements were conducted for pulsating flows through the orifice with some average flow rate. Figure 8 shows the unsteady relationships between the pressure drop and the flow rate when there is some average flow rate. The solid loops show the unsteady relationships between the differential pressure and the flow rate, the broken lines the steady-state characteristics and the black dots on them indicates the mean points of pulsation corresponding to the average flow rates. The Fourier series reproductions of the Fig.9 Dependency of orifice impedance drop across and flow rate through orifice on flow rate amplitude in pulsating in pulsating oil flow with average flow rate oil flow with average flow rate measured flow rates and differential pressures are also shown in Fig.8 for reference. The loops representing the unsteady characteristics are inclined flat ellipses this time and the direction of their major axes seems to coincide with that of the tangent of the steady-state characteristic curve at the mean point. These results provide a certain basis for the ordinarily used assumption that the impedance of a pulsating orifice flow with some average flow rate can be approximated by a tangent to the steady-state characteristic curve. When the unsteady characteristics of an orifice flow are discussed more precisely, however, the ellipsoidal shape with a clockwise hysteresis shown in Fig.8 needs to be examined in more detail.
The resistances and reactances were measured also in this case for many different amplitudes of pulsation. The results are shown in Fig.9 in a similar way to Fig.7 . Contrary to the former case with no average flow rate, neither the resistance nor the reactance depends on the amplitude of pulsation.
Unsteady nonlinear pressure loss and its mathematical model
With the above-obtained experimental results taken into consideration, the pressure difference o p ∆ across an orifice in an unsteady flow can be expressed by a sum of three different kinds of pressure losses produced by three different causes. That is,
where Fig.10 . It is made clear from this result that the nonlinear pressure loss in a reciprocating orifice flow describes a loop against the flow rate which extends with a twist like a reversed "S" character along the steady-state characteristic curve and has a counter-clockwise hysteresis.
The counter-clockwise hysteresis of NL p ∆ recognized here implies that the change of the nonlinear pressure loss is delayed behind that of the flow rate in an unsteady orifice flow. The reason why such a delay occurs can be explained as follows; the nonlinear pressure loss is produced by energy dissipation in a turbulent jet flow downstream of an orifice and it requires some time for the structure of the turbulence to follow the change of the flow rate. The present authors previously noticed this interesting nature of turbulence as a cause of energy dissipation and named it "eddy inertia" (6) . The structure of turbulence and its capacity of energy dissipation depend primarily on the flow rate, and the first term on the right-hand side of Eq. (2) is considered to represent them for the steady-state orifice flow. So it seems possible to formulate the unsteady nonlinear pressure loss being delayed behind the flow rate by the same expression with a delay time E T incorporated as follows;
The delay time E T might vary with the frequency. But for simplicity of discussion it is assumed here that E T is 0.1ms regardless of the frequency. Then Eq. (12) gives the simulation of the experimental results shown by dotted lines in Fig.10 . The loops of simulation have both a counter-clockwise hysteresis and a reversed S-like twist, which well represent the measurements.
The nonlinear behaviors of an orifice impedance shown in Fig.7 , which have been a long-term question in acoustics, can be analytically explained by the eddy inertia model of Eq.(12). Namely, giving the flow rate waveform by the first term of Eq. which thoroughly explains how the resistance increases and the reactance decreases as the flow rate amplitude 1 q increases. The nonlinear pressure loss in a pulsating orifice flow with some average flow rate is also given by the eddy inertia model as follows; { } Contrary to the foregoing case of no average flow rate, the impedance does not depend on the amplitude of flow rate pulsation, which explains the experimental results in Fig.9 .
Summary
A nonlinear pressure loss generated in an unsteady flow through a restriction varies with a delay behind the changing flow rate. Presumably, the reason of the phenomenon is because it requires some time for the turbulence in a jet flow downstream of the restriction to change its structure according to the change of the flow rate. When the nature is mathematically modeled by the conventional expression of the pressure loss in proportion to the square of flow rate with a delay time incorpotated, the yet-to-be-answered question in acoustics of why the reactive part of an orifice impedance in a harmonic sonic flow decreases with an increasing amplitude has been thoroughly answered.
